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Motivated by a reent experiment, we study non-equilibrium quantum phenomena taking plae
in the quenh of a spinor Bose-Einstein ondensate through the zero-temperature phase transition
separating the polar paramagneti and planar ferromagneti phases. We derive the typial spin
domain struture (orrelations of the eetive magnetization) reated by the quenh arising due to
spin-mode quantum utuations, and establish a sample-size saling law for the reation of spin
vorties, whih are topologial defets in the transverse magnetization.
PACS numbers: 03.75.Mn, 73.43.Nq, 03.75.Lm, 05.70.Fh.
A rapid sweep through a symmetry-breaking zero-
temperature phase transition entails fasinating non-
equilibrium quantum phenomena. The quenh gener-
ates ausally disonneted spatial domains of dierent
order parameter values (orresponding to positions in the
new ground-state manifold), whih may ultimately form
topologial defets in a quantum version of the Kibble-
Zurek mehanism [1, 2, 3℄. Apart from its relevane in
ondensed-matter theory (e.g., in superondutors, these
defets aet measurable transport properties like on-
dutivity and suseptibility) and potentially osmology
[2℄, this phenomenon is very interesting from a funda-
mental point of view, sine the defet distribution di-
retly originates from the initial quantum utuations
and thus maps out their properties (suh as the ground-
state entanglement).
Beause of their omparably long response times, di-
lute atomi gases provide a unique opportunity for ex-
ploring these fundamental quantum many-body phenom-
ena far from equilibrium in the laboratory. In the follow-
ing, we derive the spetrum of utuations indued by
a rapid quenh to the (planar) ferromagneti state of a
spinor Bose gas, and establish a general sample-size de-
pendent saling law for the resulting variane of the net
number of spin vorties (i.e., of the winding number). Be-
sides the total defet density, the winding number within
a given area determines the spetrum of the reated mag-
netization utuations. Thus dilute Bose gases serve as
a useful and experimentally aessible toy model for the
general ase and may allow us to extrat universal prop-
erties of suh dynamial phase transitions.
Spinor Bose-Einstein ondensates are reated by trap-
ping dierent hyperne states of a partiular atomi
speies by optial means [4℄, whih enables, inter alia,
the investigation of oherent spin-exhange dynamis [5℄,
and the formation of spin domains by a dynamial insta-
bility [6℄. Non-equilibrium phenomena in a spinor Bose
gas were realized in a reent experiment [7℄, where an ini-
tially paramagneti state was rapidly quenhed through
a quantum phase transition to a nal ferromagneti state
[8℄. Suh a quenh results in spin vorties, (imaged in situ
by phase ontrast tehniques [9℄), whih are topologial
defets in the magnetization with a paramagneti ore
[10, 11℄. The dilute spinor Bose gas an be desribed in
terms of multi-omponent eld operators ψˆa, whose dy-
namis is governed by the Hamiltonian density (~ = 1)
Hˆ = 1
2m
(∇ψˆ†a) ·∇ψˆa + Vtrapψˆ†aψˆa +
c0
2
ψˆ†aψˆ
†
bψˆbψˆa
+
c2
2
F ab · F cd ψˆ†aψˆ†c ψˆbψˆd − qψˆ†zψˆz , (1)
where m denotes the mass of the atoms. The vetor
F ab ontains the spin matries [12℄ and determines the
eetive magnetization Fˆ = F abψˆ
†
aψˆb/̺, where a sum-
mation over omponent indies a, b, c, d is implied and
̺ = 〈ψˆ†aψa〉 is the total (onserved) density. For spin-one
systems, the sum runs over a = 0,±1 or, alternatively,
over a = x, y, z with ψ0 = ψz and ψ± = (ψx ± iψy)/
√
2.
The oupling onstants c0 = 4π(a0 + 2a2)/(3m) and
c2 = 4π(a2 − a0)/(3m) are determined by sattering
lengths aS for the sattering hannel with total spin S.
For c0 ≫ |c2|, density utuations are energetially sup-
pressed in omparison with the spin modes. Sine we are
interested in the eets of the phase transition (whih is,
stritly speaking, only well-dened for innite systems)
and not in the impat of inhomogeneities, we assume
̺ ≈ const., and hene omit the salar trapping potential
Vtrap. Finally, q denotes the strength of the quadrati
(one-partile) Zeeman shift qF 2z [7℄, where an external
magneti eld is oriented along the z diretion. (The lin-
ear Zeeman shift an be eliminated by transforming to
the o-rotating frame, beause the Larmor preession is
muh faster than all other frequeny sales [10℄.)
Assuming c2 < 0, the system is ferromagneti for van-
ishing Zeeman shift q = 0, i.e., the magnetization Fˆ as-
sumes a maximum value 〈Fˆ 〉2 = 1 in some given but arbi-
trary diretion (broken-symmetry phase). For small but
non-zero q, the magnetization 〈Fˆ 〉 lies in the x, y-plane
due to the term qF 2z but is still maximal, 〈Fˆ 〉2 = 1. For
large q, however, the ground state orresponds to a on-
densate in the ψ0 = ψz omponent only and symmetry
is restored, i.e., the magnetization 〈Fˆ 〉 vanishes (para-
2q
F= F
quench
Φ
q cr>qin
n
cr<qout
FIG. 1: Inversion behavior of the eetive potential from (2).
After rossing the ritial point, the diretion n of the eetive
magnetization F in the plane, at any given point in spae, gets
frozen at a partiular angle Φ, while its modulus F ontinues
to grow exponentially in time (rolls down the potential hill).
magneti phase). Hene, by rapidly lowering q, we may
quenh the system from an initially paramagneti to an
(eetively two-dimensional) ferromagneti phase.
In order to study the evolution of the quantum eld
during the quenh, we employ a number-onserving
mean-eld ansatz [13℄ ψˆz = (ψco + δψˆz)Aˆ/
√
Nˆ , whih
is adapted to the initial paramagneti phase but an
be extrapolated for some nite time after the quenh
[14℄, as long as the quantum utuations are small
enough δψˆx, δψˆy, δψˆz ≪ ψco. This ansatz allows for a
linearized expression for the magnetization (whih as-
sumes in Cartesian oordinates the simple form Fˆa =
−iεabcψˆ†b ψˆc/̺) and to derive an eetive mean-eld
Hamiltonian for transverse magnetization Fˆ from the full
Hamiltonian Eq. (1),
Hˆeff
̺
=
Πˆ
̺
(
q − ∇
2
2m
)
Πˆ
̺
+Fˆ
(
q + 2c2̺
4
− ∇
2
8m
)
Fˆ , (2)
with Πˆ = (ψcoψˆ
†
y +ψ
∗
coψˆy ,−ψcoψˆ†x−ψ∗coψˆx)/2 being the
anonial momentum operator for spin-one bosons. The
experiment [7℄ is desribed by a two-dimensional trans-
verse magnetization Fˆ = (Fˆx, Fˆy) obeying the SO(2)-
symmetry of rotations around the z-axis in eetively
two spatial dimensions [∇ = (∂x, ∂y)℄, permitting topo-
logial defets in the form of spin vorties. However,
the above expressions for the Hamiltonian are ompletely
analogous for a SO(N)-symmetry of the order parameter
〈Fˆ 〉 in N > 2 spatial dimensions, where the analogous
topologial defets are generially alled hedgehogs, see,
e.g., [15, 16, 17, 18℄. Therefore, we shall disuss the gen-
eral SO(N) situation in the following and return to the
experimentally realized example N = 2 of [7℄ at the end.
The simple expression (2) allows us to diretly read
o the ritial value qcr = 2|c2|̺ of the phase transition.
After a quenh from qin > qcr to qout < qcr, and us-
ing a normal-mode expansion, we obtain exponentially
growing modes orresponding to imaginary frequenies
ωqk =
√
(ǫk + q)(ǫk + q + 2c2̺0), where ǫk = k
2/(2m),
f. Fig. 1. There are two regimes: For qcr > qout > qcr/2,
the exponential growth rate ℑ(ωqk) of the normal modes
inreases with their wavelength, but for qout < qcr/2, the
growth rate assumes its maximum at a given wavenumber
kmax =
√
m(qcr − 2qout). In view of the experimental pa-
rameters [7℄, we shall fous on the seond ase. Note that
due to the emergene of this preferred length sale, whih
is independent of the quenh time, the present situation
is somewhat dierent from the standard Kibble-Zurek
senario [1, 2℄, whih is based on the interplay between
quenh time, relaxation rate, and orrelation length.
Assuming the Bose gas to be suiently dilute, we
may extrapolate our linearized (mean-eld) desription
(2) to intermediate times t whih ontain many e-foldings
ℑ(ωqkmax)t ≫ 1 of the exponentially growing modes [14℄,
whereas the magnetization is still small enough, F
2 ≪ 1,
to stay in the linear regime. After a normal-mode expan-
sion, the expetation value 〈Fˆa(r)Fb(r′)〉 ontains expo-
nentially growing ontributions exp{±iωqkt}. In the limit
ℑ(ωqkmax)t ≫ 1, the dNk-integrals are dominated by the
fastest-growing modes and an thus be approximated via
the saddle-point method. Sine the initial state (param-
agneti phase) is supposed to be globally isotropi suh
as the thermal ensemble or the ground state of (2), the
dominant ontribution to the two-point magnetization
orrelation funtion is alulated to be
〈Fˆa(r)Fˆb(r′)〉 = Cmaxν δab
exp{qcrt}√
t
Jν(kmax|r − r′|)
(kmax|r − r′|)ν , (3)
where Jν is the Bessel funtion of the rst kind with
the index ν = N/2 − 1. (The two-dimensional ase was
also onsidered in [7, 19℄.) Note that the above result is
universal: Apart from ν, qcr and kmax, all information
enters the pre-fator Cmaxν only, whih depends on qout,
sweep rate, and temperature et.
Now let us study the reation of topologial de-
fets, i.e., SO(N)-hedgehogs, by the symmetry-breaking
quenh. Their harateristi size, i.e., the extent of the
paramagneti ore, an be determined by omparing the
kineti term ∝∇2 with the c2-ontribution in (1) whih
yields ξs = 1/
√
2|c2|̺m = 1/√mqcr, i.e., the spin heal-
ing length. In order to deal with well-separated and
therefore well-dened topologial defets, we assume that
the dominant wave-length λmax = 2π/kmax (determin-
ing their typial distane, see below) is muh larger than
the spin healing length ξs, whih amounts to requiring
0 < qcr − 2qout ≪ qcr. This ondition is reasonably
well satised in the experiment [7℄ where ξs ≈ 2.4µm
and λmax ≈ 16µm. Within the saddle-point approxi-
mation (i.e., fousing on the dominant modes), the term
−∇2 → k2max in the equations of motion resulting from
(2) an be negleted ompared to qcr ≫ k2max/m, and we
may approximate F¨ ≈ q2crF /4. Consequently, at eah
spatial position, the magnetization F behaves as the o-
ordinate of a harmoni osillator (in N dimensions), be-
oming inverted upon rossing the transition, f. Fig. 1.
Splitting F up into its modulus F and unit vetor of
diretion n via F = Fn, we nd that F grows exponen-
tially whereas the dynamis of n freezes: In view of the
3onserved angular momentum L = F × F˙ , we nd that
|n˙| = |L|/F 2 ∝ F 20 /F 2(t) dereases rapidly. Ergo, af-
ter a short time (of order 1/qcr), the magnetization F at
eah spatial position r grows exponentially in some given
diretion n(r), i.e., the system rolls down the paraboli
potential hill whereby the diretion of desent does not
hange anymore, f. Fig. 1. The orrelations between the
frozen diretions n at dierent spatial positions are gov-
erned by the initial state and determine the seeds for the
reation of topologial defets  i.e., objets whih annot
be deformed to a onstant n in a smooth way [16℄.
The topologial defets we are onsidering are SO(N)
(anti-)hedgehogs in N spatial dimensions with the typi-
al order parameter distribution n = ±r/r and an be
haraterized by a non-vanishing winding number, i.e., a
topologial invariant or harge belonging to the homo-
topy group πN−1(SN−1) = Z. The winding number is
alulated by an integral over a N − 1-dimensional hy-
persurfae enlosing a N -dimensional volume [17℄:
Nˆ =
∮
dSα
εabc...ε
αβγ...
Γ(N)SN−1 nˆ
a(∂βnˆ
b)(∂γ nˆ
c) . . . . (4)
Here ε denote the Levi-Civita symbols and SN−1 =
2πN/2/Γ(N/2) the surfae of the unit sphere in N di-
mensions. Sine the winding number operator ounts the
dierene between hedgehogs and anti-hedgehogs, its ex-
petation value vanishes, 〈Nˆ〉 = 0, but its variane 〈Nˆ2〉
as a funtion of the enlosed volume yields the desired
spetrum of net magnetization utuations.
In order to alulate 〈Nˆ2〉, we make an additional ap-
proximation: For a N -dimensional harmoni osillator
F¨ ≈ q2crF /4, the ground-state probability distribution
p(F ) ∝ FN−1 exp{−F 2} of the amplitude F is peaked
around a (for N > 1) non-zero value and the relative
width of this peak dereases with inreasing N . There-
fore, we approximate the operator Fˆ by an exponen-
tially growing lassial value Fˆ → F (t) in all expetation
values. This semilassial approximation will beome
asymptotially exat in the limit N ↑ ∞, but we expet it
to yield qualitatively orret results also in lower dimen-
sions down to N = 2, sine p(F ) is disernibly peaked
even for N = 2 and the topologial defets are mainly
determined by the (quantum) utuations of nˆ (and not
of Fˆ ). For example, alulating [analogously to (3)℄ the
ontribution of the fastest growing modes to the orrela-
tor 〈Fˆ 2(t, r)Fˆ 2(t, r′)〉 = F 4(t) + 2〈Fˆ (t, r) · Fˆ (t, r′)〉2/N ,
we see that the auray of the semilassial approxima-
tion Fˆ → F (t) inreases for large distanes |r−r′| and/or
large N . Note that all the linearized Fˆa possess indepen-
dent initial ground states and ommute with eah other.
Therefore, the nˆa do also ommute with eah other [so
that operator ordering in (4) is not an issue℄ and with
Fˆ , whih ultimately makes possible the semilassial ap-
proximation of Fˆ → F .
The above approah enables us to alulate 〈Nˆ2〉 in ar-
bitrary dimensions N ≥ 2. After inserting (4) and using
FIG. 2: Saling of the variane of the winding number 〈Nˆ2〉
with the sample size R. A logarithmi plot of 〈Nˆ2〉/κ is used
in order to visualize the asymptoti κ ln κ saling.
the semilassial approximation Fˆ (t, r) ≈ F (t) nˆ(r), the
expetation value an be deomposed into a produt of
N two-point orrelators (3). Let us exemplify this proe-
dure for two spatial dimensions: The transverse magne-
tization an be deomposed via Fˆ⊥ = Fˆx + iFˆy = Fˆ e
iΦˆ
into its modulus Fˆ and phase Φˆ whih ommute and are
both self-adjoint [20℄. The winding number (4) reads [21℄
Nˆ =
1
2π
∮
C
dl ·∇Φˆ =
∮
C
dl · Fˆx∇Fˆy − Fˆy∇Fˆx
2πFˆ 2
. (5)
Using Eq. (3), replaing Fˆ → F , and hoosing the on-
tour C as a irle with radius R, we get [22℄
〈Nˆ2(R)〉 = κ
2
2π
1∫
0
dx
√
1− x2 J21 (κx) , (6)
with κ = 2Rkmax, f. Fig. 2. As antiipated, the hara-
teristi length sale (e.g., typial distane between vor-
ties) is set by the dominant wavelength λmax (instead of
the spin healing length ξs, for example).
The analytial expression (6) enables us to study the
large-sale spetrum of the winding number, i.e., the dif-
ferene between the number of vorties and anti-vorties
N = N+−N−. Two models for the saling behavior of N
are ommonly disussed in the literature [2, 15℄. Assum-
ing a random distribution of vorties and anti-vorties
(random vortex gas model), the typial dierene |N|
sales with
√
N±. Beause the total number N+ + N−
inreases proportional to the area R2, this model pre-
dits a saling of 〈Nˆ2〉 ∼ R2 (N = 2). Alternatively,
the random phase walk model assumes a random walk of
the phase Φ along the irumferene. The aumulated
winding number |N| sales with √R in this situation,
implying a saling of 〈Nˆ2〉 ∼ R. Of ourse, both mod-
els annot be the nal truth (onsider the deformation
of the irle to a slim ellipse, for example), and it is not
4obvious how to generalize the random phase walk model
to higher dimensions  but one an ompare the dierent
preditions with our approah. For large κ, the expansion
J1(κx ↑ ∞) ∝ cos(κx− 3π/4)/
√
κx yields (f. Fig. 2)
〈Nˆ2(κ≫ 1)〉 ∼ κ lnκ , (7)
whih is lose to the saling predited by the random
phase walk model  but still not quite in agreement due
to the additional fator of lnκ. This extra fator only
ours for N = 2 and arises from the slow deay of the
two-point orrelator (3) at large distanes |r − r′|−1/2,
whih deviates from a loal random phase walk [23℄. Al-
though the sample size in [7℄ is probably not suient for
extrating the fator ln κ, this predition ould be tested
in future experiments.
Let us study intermediate κ values and ompare our
results with the experiment [7℄ by plaing a irle with
a radius of R = 5µm into the enter of the ondensate
loud. Sine R is signiantly bigger than the spin heal-
ing length ξs ≈ 2.4µm but still suiently below the
planar Thomas-Fermi radii of the loud (12.8µm and
167µm), the assumptions entering our derivation (suh
as homogeneity) should provide a reasonably good ap-
proximation. For R = 5µm orresponding to κ ≈ 4,
we obtain 〈Nˆ2〉 ≈ 1/3, i.e., the probability of nding an
(anti-)vortex inside the irle is around 1/3. In view of
the igar shape of the loud, we may plae several irles
in the entral region of the ondensate suh that their
mutual distane exeeds the orrelation length (typial
domain size) of λmax/2 ≈ 8µm. Sine these irles an
be onsidered nearly independent, we would expet at
least one vortex in the loud  in reasonable agreement
with [7℄. In ontrast, the defet density is alulated in
Ref. [19℄ to be k2max/(4π), treating the magnetization as
a Gaussian stohasti eld. Therefore, a irle with a ra-
dius of R = 2/kmax ≈ 5µm should typially ontain one
defet. Although the disrepany (1/3 vs. one) is not
huge, it already suggests that our results are not quite
ompatible with Ref. [19℄, and thus experiment should
judge whih approah yields the better desription. Al-
ternatively, numerial simulations (supplemented by suit-
able assumptions about the initial noise spetrum) pro-
vide a omplementary approah [24℄.
In onlusion, for the example of a spinor Bose gas,
we studied the reation of topologial defets during the
quenh from the paramagneti to the SO(N)-symmetry
breaking ferromagneti phase. For an arbitrary number
N of spatial dimensions, we derived a universal expres-
sion for the winding number (whih only depends on N
and the enlosed volume in units of λNmax) and found a
logarithmi orretion to the saling law of the random
phase walk model for N = 2.
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